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Abstract
The infinite number of time-dependent linear in field and conjugated momenta invariants
is derived for the scalar field using the Noether’s theorem procedure.
PACS number(s): 03.65.Fd, 11.10.Ef.
1 Introduction
There exist in explicit form 2n integrals of motion linear in position and momenta for n-
dimensional quantum systems, and its classical counterpart, with Hamiltonians which are generic
quadratic forms in the position and momenta operators both with time-independent and time-
dependent coefficients [1], [2]. Recently it was shown [3] that these integrals of motion may be
obtained using standard Noether’s theorem procedure. It should be noted that for one-mode para-
metric oscillator exists the Ermakov time-dependent invariant [4] which is quadratic in position
and momentum. The variational derivation of this invariant using Noether’s theorem has been
given in [5], [6], [7], and [8]. The Noether’s theorem derivation for the generalized 2−D oscillator
has been given in [9]. The quadratic invariants in position and momenta using nonnoetherian
symmetries have been considered in [10].
On the other hand the linear time-dependent integrals of motion for the quadratic field systems
have not been studied from the viewpoint of the Noether’s theorem procedure. The symplectic
group Sp(2∞, IR), producing linear integrals of motion in the fields and their conjugated momenta
for a scalar field in two dimensions, has been shortly discussed in Ref. [11].
The aim of this work is to construct integrals of motion which are linear forms in field and
conjugated momentum to clarify their noetherian symmetry nature for the scalar field obeying
to the Klein-Gordon equation. We will extend the approach given in [3] for a system with finite
number of degrees of freedom to the case of the field theory.
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2 Scalar field
Let us consider neutral scalar field ϕ¯(~x, t) with mass m in four dimensions obeying the Klein-
Gordon equation
(
∂2
∂t2
−∆+m2)ϕ¯(~x, t) = 0 ( c = 1). (1)
For convenience we will study this field using periodical conditions in the space
ϕ¯ (~x+ ~L, t) = ϕ¯ (~x, t), (2)
i.e., embedding our system into a cube with characteristic length L. The case of the infinite space
is obtained by taking appropriate limit L → ∞ [12]. Then by means of the Fourier transform,
the Eq.(1) can be reduced to an infinite system of decoupled linear equations each describing the
harmonic oscillator
ϕ¯ (~x, t) =
∑
~k
ϕ (~k, t) exp(i~k · ~x), (3)
where the wave vector ~k = 2π~n/L and ~n = (n1, n2, n3), with ni integer numbers. The inverse
Fourier transform gives the Fourier amplitudes ϕ(~k, t) in the form
ϕ (~k, t) =
1
(2πL)3
∫ L
0
∫ L
0
∫ L
0
ϕ¯ (~x, t) exp(−i~k · ~x)d~x . (4)
Inserting the relation (3) into the Klein-Gordon Eq. (1) we obtain the system of differential
equations for each wave vector ~k
∂2ϕ (~k, t)
∂t2
+ ω2(~k)ϕ (~k, t) = 0 , (5)
where the frequency is dependent on field mode and mass m
ω2(~k) = ~k2 +m2, (6)
and it is time-independent.
Thus we have in fact an infinite system of noninteracting one-dimensional harmonic oscillators
with coordinates ϕ (~k, t). The Lagrangian as well as the Hamiltonian are infinite sums of the
Lagrangians or Hamiltonians of standard harmonic oscillators describing each field mode, i.e.,
L =
∑
~k
(
ϕ˙2 (~k, t)
2
− ω2(~k) ϕ
2 (~k, t)
2
) , (7)
and
H =
∑
~k
(
Π2 (~k, t)
2
+ ω2(~k)
ϕ2(~k, t)
2
) , (8)
where the conjugated field momentum Π (~k, t) is related to the field coordinate ϕ (~k, t) by the
formula
Π (~k, t) = ϕ˙ (~k, t). (9)
The classical systems with the Hamiltonian (8) have the time-dependent invariants
A~k (t) = exp(iω(
~k) t)
ω(~k) ϕ(~k, t) + iΠ(~k, t)√
2ω(~k)
,
A∗~k (t) = exp(−iω(~k) t)
ω(~k) ϕ(~k, t)− iΠ(~k, t)√
2ω(~k)
, (10)
with the Poisson brackets
{A~k , A∗~k′} = −iδ~k ,~k′ . (11)
The quantization of the system is fulfilled in standard manner by the replacement of classical
variables ϕ (~k, t) and Π (~k, t) by the operators with the canonical commutation relations
[Πˆ~k( t), ϕˆ~k′( t)] = −iδ~k ,~k′ , h¯ = 1 . (12)
Then the commutation relations of the quantized variables (Eq.(10)) are
[Aˆ~k(t), Aˆ
†
~k′
(t)] = δ~k ,~k′ . (13)
So the quantum scalar field has the infinite number of linear invariants
Aˆ~k(t) = exp(iω(
~k) t)
ω(~k) ϕˆ(~k, t) + iΠˆ(~k, t)√
2ω(~k)
(14)
with the commutation relations of boson creation and annihilation field operators (13).
3 Noether’s theorem
We will give Noether’s theorem derivation of the linear invariants (10) (and (14)). Since functions
of invariants are also invariants, the variables
P~k0 (t) =
√
ω(~k) (A~k (t)− A∗~k (t))
i
√
2
,
X~k0 (t) =
A~k (t) + A
∗
~k
(t)√
2ω(~k)
(15)
are integrals of motion. They may be represented in the matrix form
(
P~k 0 (t)
X~k 0 (t)
)
=
∑
~k′
Λ~k~k′ (t)
(
Π~k′
ϕ~k′
)
(16)
where the symplectic infinite matrix Λ(t) is proportional to Kronecker term
Λ~k ,~k′ (t) ∼ δ~k ,~k′ . (17)
For equal momenta it has the 2× 2 form
Λ~k~k′ (t) =
(
cos(ω~k t) ω(
~k) sin(ω~k t)
−ω−1(~k) sin(ω~k t) cos(ω~k t)
)
. (18)
This expression is the infinite-dimensional generalization of the invariants for the finite number of
degrees of freedom [1], [2], discussed for two-dimensional strings in [11]. Now we will derive the
invariants following the approach [3].
Now consider an infinitesimal transformation for the field and its canonically conjugated mo-
mentum δϕ[ϕ(~k, t), Π(~k, t), ~k, t], δΠ[ϕ(~k, t), Π(~k, t), ~k, t]. This is a symmetry transformation if
we have [9]
∑
~k
{
δΠ ϕ˙(~k, t) + δϕ˙ Π(~k, t)−
[
δϕ
∂H
∂ϕ(~k, t)
+ δΠ
∂H
∂Π(~k, t)
]}
= Ω˙ . (19)
Substituting for the partial derivatives of Hamiltonian (8) we obtain
∑
~k
{
d
dt
[
δΠ ϕ(~k, t)
]
−
[
δΠ˙ + δϕ ω2(~k)
]
ϕ(~k, t) + [−δΠ + δϕ˙] Π(~k, t)
}
= Ω˙ , (20)
where we have integrated by parts the term δΠ(~k, t) ϕ˙(~k, t) inside the sum over ~k. Because the
fields ϕ(~k, t) and momenta Π(~k, t) are independent for each value of ~k we obtain the following
conditions
Ω =
∑
~k
δΠ ϕ(~k, t) , (21)
δΠ˙ = −ω2(~k) δϕ , (22)
δϕ˙ = δΠ , (23)
in order to have a symmetry transformation. To get the linear time-dependent invariants we chose
the variations as arbitrary functions of time and the wave vector ~k [3]:
δϕ[ϕ(~k, t), Π(~k, t), ~k, t] = H(~k, t) , (24)
δΠ[ϕ(~k, t), Π(~k, t), ~k, t] = G(~k, t) . (25)
Substituting these expressions into the equations (22) and (23) we get a system of coupled equa-
tions for the variations in the field and its conjugated momentum, which it has the same form as
the Hamilton equations. This system have two independent solutions, and we denote them by a
superscritp in the function, i.e.,
H(1)(~k, t) = C(~k) cos
(
ω(~k) t
)
, (26)
H(2)(~k, t) = D(~k) sin
(
ω(~k) t
)
, (27)
where C(~k) and D(~k) are arbitrary functions. The constants of motion [3] associated to the
symmetry transformation indicated by (24) and (25) is
J (i) =
∑
~k
{
H(i)(~k, t) Π(~k, t)− H˙(i)(~k, t) ϕ(~k, t)
}
, i = 1, 2 . (28)
These invariants can be rewritten in matrix form (16), with the infinite symplectic matrix
Λ~k ~k′ = δ~k ~k′
( H(1)(~k, t) −H˙(1)(~k, t)
H(2)(~k, t) −H˙(2)(~k, t)
)
. (29)
This expression yields infinite number of integrals of motion (10) and (14) since it is an invariant
for arbitrary choices of functions D(~k) and C(~k). In particular, if the variations satisfy the initial
conditions
H(1)(~k, 0) = 1 , (30)
H(2)(~k, 0) = − 1
ω(~k)
, (31)
one gets the invariants given in (16).
4 Conclusions
We have shown that the linear time-dependent invariants in field theory, which are useful to
construc the propagator and generalized correlated states, can be obtained through the Noether’s
theorem. This approach can be extended to construct linear time-dependent invariants for scalar
fields in non-stationary metrics.
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